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(5-function plus harmonic oscillator potential systems are derived by incor- 
porating the renormalization and the self-adjoint extension into the Green's 
function formalism, respectively. It is shown that both methods yield an iden- 
tical Green's function if a certain relation between the self-adjoint extension 
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Recent study on spin-1/2 Aharonov-Bohm problem[l] and its closely related subjects 
in planar physics[2] produces much attention on a point interaction problem in quantum 
mechanics. In fact, point interaction is solvable from a mathematical standpoint. For a long 
time it has been well-known that the mathematical method for solving the quantum me- 
chanical point interaction problem is the self-adjoint extension technique [3], whose essential 
point is to make the Hamiltonian to be self-adjoint operator by extending the Hamilto- 
nian's domain of definition. In this approach point interaction can be transformed into the 
appropriate boundary condition which contains self-adjoint extension parameters. 

Although the self-adjoint extension method yields a reasonable solution on the ground of 
mathematics, it is evident that more physically plausible approach to the point interaction 
problem is to solve the Schrodinger equation directly. Two dimensional Schrodinger equa- 
tion for a 5-function potential is solved[4], and it has been found that (5-function potential 
generates the ultraviolet divergence as usual quantum field theories and renormalization 
procedure breaks the classical scale symmetry at quantum level. With an aid of the scale 
anomaly the two dimensional 5-function potential system exhibits the dimensional transmu- 
tation phenomenon [5]. 

Although the ultraviolet divergence is generated by the singular (5-function potential and 
hence, is treated in a similar manner to the usual quantum field theories, this simple system 
has an advantage that the renormalized exact solution is obtainable. Since our understanding 
on the non-perturbative treatment of the ultraviolet divergence is incomplete, nonrelativistic 
(5-function potential system can play an important role as a toy model for the study of the 
non-perturbative renormalization scheme. In this context, renormalization procedure and 
renormalization group in the nonrelativistic singular potential systems are studied by many 
authors [6], recently. 

Several years ago comparision of the renormalization with the self-adjoint extension is 
examined by R. Jackiw[7] and it has been shown that mathematically-based self-adjoint ex- 
tension and physically-based renormalization yield an identical physics in the two and three 
dimensional (5-function potential cases if a certain relation between the self-adjoint extension 
parameter and renormalized coupling constant is imposed. Recently, various point interac- 
tion systems have been examined in the framework of the Green's function formalism[8. 



9]. In Ref.[8, 9] present authors have shown how to incorporate the self-adjoint extension 
method within the Green's function formahsm without invoking the perturbation expan- 
sion. In the present paper we will show that Green's functions for the 5-function potential 
systems are also obtainable by introducing the appropriate renormalization procedure. The 
equivalence of the renormalization with the self-adjoint extension shown by R. Jackiw in 
Ref. [7] will be shown again at Green's function level by introducing the harmonic oscillator 
plus ^-function potential at d = 2 and d = 3. 

Let us start with the two dimensional Hamiltonian 

H = Ho + v5{f) (1) 

where 

«o^f.f.-. (2) 

The harmonic oscillator potential is introduced because of its frequent use as a calculational 
tool for the discretization of energy spectrum[10]. By using an expansion 

oo 

g^cosA<^_ j2 l^(z)e'"'^'^ (3) 

m=—OD 

where Iu{z) is usual modified Bessel function, it is straightforward to derive the energy- 
dependent Green's function Go for Hq: 
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where 

Gi%'\n, r.; E] = ^2 / (5) 

ZTTLurarb 1 (1 + m) 

X W_ji rn{uMax{rl,rl))M_ji ^{uMin{rl,rl)). 
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Here, Wk,^{z) and M^^^iz) are usual Whittaker functions. Since (5-function potential is 
zero range, so it gives some modification only on s-wave, the difference of energy-dependent 
Green's functions for H and for Hq is independent of the polar angle 6. Hence, one can 
define the difference of the energy-dependent Green's functions as follows: 

1(^^=2) [n, r,; E] = G(^=2) [f,, r^; E] - Cf^ [n, f,; E] (6) 

= G„i^Q [rh, TajE] — G'o^m=ok6) ''^a', E] 



where &^^'^'^[fb,fa; E] is energy-dependent Green's function for H and G^Zq [r^,, r^; i?] is 
radial part of s-wave in &'^^'^^ [fh, fa, E]. By following the method used in Ref.[8] one can 
express A'-^^'^'^ [rj,, r^; E] in terms of Gq m=o[''^b, fa] E] : 

In Eq.(7) the limit ei ^ should be taken after calculation. By combining the Eqs.(5) and 
(7) and using the relations of the Whittaker functions with the confluent hypergeometric 
functions[ll] 

M^,^iz) = e-i2;HMM(- + /i - n,l + 2fi; z) (8) 

W^,^iz) = e-^^z^+^'Ui- + ^ - «;, 1 + 2^; z), 

more convenient form of A'^'^"^^[rb,ra; E] is 

M''=%,,ra,E] = fo{ei,e2;E)go{ra)go{n) (9) 

where 



"■^'{h i) M,i:A-^')M.i,(^4) 



and 

^o(r) = v^e-^^(i + |^,l;c.r^). (11) 

Here, fo{ei,e2; E) has an ultraviolet divergence because of the denominator term - + 

In the following we will show how to make the theory finite by introducing the renor- 
malized coupling constant, which is assumed to be a finite quantity. Using the asymptotic 
formula 

lim M(a, 1, z) = 1, (12) 

Z—^0 

\imU{a,l,z) = --— -[Inz + ^(a)] 
2^0 I (a) 



where iIj{z) are digamma function, the denominator in Eq.(7) becomes 



-+ Urn G^o,m=oh,ei;E] 
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where arbitrary mass-dimensional parameter // is introduced. 

In order to make the theory finite we introduce the renormahzed couphng constant g 

1 1 1 



(13) 



g V 271 
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(14) 



which leads Eq.(13) to 



-+ lim GS,'^^=^o[e2,ei;^] 



<:2^ei 
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(15) 
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Inserting Eq.(15) into Eq.(lO) and using the relations (8) again one can easily obtain the 
finite /o(ei,e2;^) 

r^ {\ + i) 1 



/o(ei,e2;^) 
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By combining Eqs.(9), (11), and (16) A'^'^"^)[rfe, r^; E] becomes finite as follows: 

r^(l + £) 1 



(16) 



A^'='\n,ra,E] 
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{uri)W.Jcori). (17) 



Now let us apply the self-adjoint extension method to derive the finite A^'^ '^^[rb,'i"a', E]. 
Following Ref. [8] it is straightforward to show that the boundary condition 



lim = — lim 

r^o Inr vr r^o 



9o[r) 



lim Inr 



(18) 



r'-*o Inr' 

where A is real self- adjoint extension parameter and go{r) is defined in Eq.(ll), is derived by 
incorporating the self-adjoint extension method into the Green's function formalism properly. 
As a result of the boundary condition (18) the condition for the bound-state spectrum 



^\2 2ujJ A 



(19) 



is easily obtained. Since bound-state energy must be a pole of the energy-dependent Green's 
function, we get another condition for the bound-state spectrum 



1 1 

V 2n 



lnuei + ^[l + ^) 
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(20) 



In order for the conditions (19) and (20) to be consistent the relation between the self-adjoint 
extension parameter A and the bare coupling constant v 

- = | + -lne2 (21) 

V X TC 

must be required. The remaining calculation procedure to obtain the A^'^^'^^[ri,,ra', E] is 
exactly same with the previous renormalization method. Finally, we obtain 



By comparing Eq.(14) with Eq.(21) the relation between the self-adjoint extension parameter 
A and the renormalized coupling constant g 

111 

- = - + — In^ 23 

X g 2n 

is simply derived. Hence, the self-adjoint extension and renormalization methods yield an 
identical energy-dependent Green's function if the relation (23) is assumed. The final form 
ofG^'^=^^[fh,fa;E] is 

oo 

G(^=2)[r-;,r-;;i?]= Y. G'(^=')[r,,r,; E]e*-''- (24) 



m=—oo 



where 

Gl%l^ [n, ra, E] = Gi%%[n, r,; E] (25) 

Glt?[n,ra,E] = Gi%%[n,ra,E] + A^''='^[n,ra,E]. 

The equivalence of the self-adjoint extension and the renormalization is also straight- 
forwardly shown in the three dimensional (5-function plus harmonic oscillator system by 
following the exactly same procedure. In this case the final form of G^'^^^^lrb, fa, E] is 

oo I 



G^'='^ [n, fa, i?] = E E Gf-'^ [n, ra, E]Y*^{da, <Pa)Yl,m{eb, (t>b) (26) 



j(d=3) 
1=0 m=-l 

where 



GtT[n,ra;E] (27) 

^^ ^""^-W^E, i{ujMax{rl,rl))M_^i{ujMin{rl,rl)) 
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1 rff + i + l- 
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^(rarfe)3/2 r (/ + I) 

and yj^m,(^i 0) is usual spherical harmonics. In this case A, real self-adjoint extension param- 
eter, is related to the renormalized coupling constant g as follows: 

- - f (^«' 

9 A 
where - = - + —. 

If one takes cj -^ limit in Eq.(24) and Eq.(26), the same energy-dependent Green's 
functions with those given in Ref.[8] are straightforwardly derived by using the various 
asymptotic formulae. 

In summary, the energy-dependent Green's functions for the two and three dimensional 
^-function plus harmonic oscillator systems are derived by using the renormalization and 
self-adjoint extension methods, respectively. It is shown that the Green's function derived 
by each method coincides with each other if the relations between the self-adjoint extension 
parameter and the renormalized coupling constant, Eq.(23) at d = 2 and Eq.(28) at rf = 3 
are imposed. 
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